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Quantum relativistic fluid at global thermodynamic equilibrium in curved spacetime
F. Becattini, E. Grossi
Universita` di Firenze and INFN Sezione di Firenze, Florence, Italy
We present a new approach to the problem of the thermodynamical equilibrium of a quantum
relativistic fluid in a curved spacetime in the limit of small curvature. We calculate the mean
value of local operators by expanding the four-temperature Killing vector field in Riemann normal
coordinates about the same spacetime point and we derive corrections with respect to the flat
spacetime expressions. Thereby, we clarify the origin of the terms proportional to Riemann and
Ricci tensors introduced in general hydrodynamic expansion of the stress-energy tensor.
Thermal quantum field theory in flat spacetime is a
well known subject. Its main goal is the calculation of
mean values of local operators in the mixed state de-
scribed by the grand-canonical density operator
ρ̂ =
1
Z
exp[−Ĥ/T + µQ̂/T ] (1)
where Ĥ is the hamiltonian, T the temperature and µ
the chemical potential associated to a conserved charge
Q̂. Its extension to curved spacetime features several
difficulties, the main problem being the construction of a
consistent theory of quantum fields in a non-Minkowskian
background. Another problem is the construction of ther-
modynamical equilibrium states generalizing (1) [1, 2].
Indeed, for global equilibrium, a covariant expression of
the eq. (1) has been known for some time [3, 4]
ρ̂ =
1
Z
exp
[
−
∫
Σ
dΣµ
(
T̂ µνβν − ζĵµ
)]
(2)
where T̂ is the stress-energy tensor built with quantum
field operators, ĵ a conserved current, β is the inverse
temperature four-vector (shortly, four-temperature) field
such that T = 1/
√
β2 is the temperature measured by
a (comoving) thermometer moving with velocity u =
β/
√
β2 and ζ = µ/T [5]. As ∇µT̂ µν = 0, the eq. (2)
is independent of the hypersurface Σ and, therefore, ρ̂ is
stationary provided that ζ is constant and β is a Killing
vector field
∇µβν +∇νβµ = 0 (3)
It should be emphasized that the direction of the Killing
vector field β, that is u, can be interpreted as the velocity
of the relativistic fluid whose stress-energy tensor opera-
tor is T̂ and that it defines a relativistic frame which does
not necessarily coincide with the traditional Landau’s or
Eckart’s [5], as it was shown explicitely in ref. [6].
Suppose we want to calculate the (renormalized) mean
value of a local operator Ô at a point x with the density
operator (2)
〈Ô(x)〉 = 1
Z
tr
(
exp
[
−
∫
Σ
dΣ nµ(T̂
µνβν − ζĵµ)
]
Ô(x)
)
ren
(4)
where n is the unit normal vector of the hypersurface Σ.
In a curved spacetime, to make sense of (4) one should
first make it precise the meaning of the operators, Hilbert
spaces and traces, however we will see that in the limit
of spacetimes whose curvature scale is much larger than
thermal and microscopic interaction lengths, such issues
can be avoided.
If the field β varies significantly over a much larger
scale than the correlation length of Ô and T̂ , which is
governed by the microscopic parameters of the theory
(masses, couplings) and the proper temperature T , a
Taylor expansion can be made about the point x (we
set x = 0 without loss of generality)
βν(y) = βν(0)+ ∂λβν(0)y
λ+
1
2
∂λ∂σβν(0)y
λyσ + . . . (5)
Using the above expansion into eq. (4) and considering
terms beyond the leading as small corrections, the mean
value of the local operator Ô(x) can be calculated by ex-
panding the density operator with the Kubo identity, a
well known method in linear response theoery. Thereby,
〈Ô(x)〉 is mainly determined by the four-temperature
value β in the same point x, that is (for ζ = 0)
〈Ô(x)〉β ≃
tr
(
exp
[
−βν(x)
∫
Σ dΣ(y) nµ(y)T̂
µν(y)
]
Ô(x)
)
tr
(
exp
[
−βν(x)
∫
Σ dΣ(y) nµ(y)T̂
µν(y)
])
(6)
plus corrections expressed by correlators such as∫
Σ
dΣ(y) nµ(y)
(
〈Ô(x)T̂ µν(y)〉β − 〈Ô(x)〉β〈T̂ µν(y)〉β
)
(7)
The Taylor expansion of the four-temperature is the
core of our method [5]. It differs from other approaches
to relativistic hydrodynamics in curved spacetime based
on the assumption of the existence of an extensive gen-
erating functional [7–9]. We do not introduce such an
assumption here and we do not even assume the exis-
tence of an entropy current. In fact, a simple expansion
(5) of the Killing vector generates integral terms in the
eq. (4) which are dependent on the choice of coordinates
as well as on the hypersurface Σ, even though the full
series will not. It would be then desirable to have a stan-
dard choice of both which makes the calculation of the in-
dividual terms of the expansion to have a direct physical
2meaning or, at least, to have a readily recognizable flat
spacetime limit. In this respect, one would like to deal
with curvilinear coordinates which are the closest approx-
imation to Cartesian orthogonal coordinates at the point
x where the expansion is carried out. The natural choice
is, thus, Riemann Normal Coordinates (RNC) [10]; they
are locally inertial (Γλµν(x) = 0) and derivatives of the
Christoffel symbols can be expressed as a simple linear
combination of the Riemann tensor (we follow the con-
ventions on metric and curvature tensors of ref. [11])
∂σΓ
ρ
λν(x) = −
1
3
(Rρλνσ(x) +R
ρ
νλσ(x)) (8)
As to the hypersurface, Σ can be conveniently chosen to
be the closest approximation to the cartesian 3-space of
a comoving observer, namely the one which is normal to
β in the point x = 0 and with the first Riemann nor-
mal coordinate x0 = 0 fixed. Hence, the hypersurface
Σ is spanned by the three Riemann normal coordinates
x1, x2, x3, that is by three normal geodesics starting from
the point x = 0 in the three spacelike directions orthogo-
nal to β(0). Altogether, we can say that the calculation of
integrals is carried out in the locally orthonormal frame
of a free-falling observer with velocity u = β/
√
β2 (that
is, the β frame [5]) and with a three-space described by
the three orthogonal spacelike geodesics.
Finally, in a curved spacetime, the coefficients of a Tay-
lor expansion of a vector field like in (5) are not tensors as
they are expressed by simple derivatives. This is a prob-
lem as it makes the truncated expression of the mean
value (4) non-covariant starting from second order. To
make it covariant, at least to second order, one has to
expand, in inertial coordinates, the difference between
two vector fields which coincide in the point x = 0. It
seems a natural choice to expand the difference between
β and β¯ which results from the parallel transport of β(0)
along all the orthogonal outgoing geodesics from x = 0.
Therefore, we set∫
Σ
dΣ nµT̂
µνβν =
∫
Σ
dΣ nµT̂
µν
[
β¯ν + (βν − β¯ν)
]
(9)
with β(0) = β¯(0), and expand the difference β − β¯.
At first order, in inertial coordinates, ∂β¯ = 0 and,
since the Killing equation (3) is a simple relation between
partial derivatives, the gradient of β field at x = 0 is
antisymmetric. Thus
∂λ(βν−β¯ν)(0) = ∂λβν(0) = 1
2
(∂λβν − ∂νβλ) (0) ≡ ̟νλ(0)
(10)
which is defined as thermal vorticity. Since, in inertial
coordinates in the point x = 0
∇σ∇λβν = ∂σ∂λβν − ∂σΓρλν βρ
0 = ∂σ∂λβ¯ν − ∂σΓρλν β¯ρ (11)
subtracting the two equations above we obtain
∂λ∂σ(βν − β¯ν)(0) = ∇σ∇λβν(0) = Rρσλν(0)βρ(0) (12)
where the last equality is ought to β being a Killing vector
field [12]. As the correlation length in the integral (7)
is much smaller than curvature scales, to calculate the
integrals one can also expand the integration measure
dΣ = d3y
√
γ
about the point x = 0. The expansion of the induced
metric γ on the hypersurface Σ at the second order in y
can be readily obtained by using the known features of
RNC [10]
√
γ ≃ 1− 1
6
(Rλσ(0)−R0λ0σ(0))yλyσ
= 1− 1
6
(Rλσ(0)−Rρλτσ(0))uρ(0)uτ (0))yλyσ(13)
where Rλσ is the Ricci tensor.
By using eqs. (10),(12),(13), the properties of the Rie-
mann tensor indices, the expansion of the operator (9) at
second order in the RNC can be written as∫
Σ
dΣ nµT̂
µν(y)βν ≃
∫
Σ
d3y nµT̂
µν β¯ν
−1
2
̟λν(0)
∫
Σ
d3y nµ
(
yλT̂ µν − yν T̂ µλ
)
+
1
2
√
β2
Bλσν
∫
Σ
d3y nµy
λyσT̂ µν (14)
where B is the adimensional tensor
Bλσν = Rρλσν
√
β2βρ − 1
3
Rλσ
√
β2βν − 1
3
Rρλστβ
ρβτuν
(15)
Because of the assumed large difference between curva-
ture and microscopic scales, the integration over Σ can be
approximated by an integration over its tangent timelike
hyperplane TΣ in x = 0, identifying all parallel trans-
ported tensors in the in the eq. (14) with corresponding
constant tensors in the tangent hyperplane. Particularly,
for the hypersurface Σ is spanned by spacelike geodesics,
its normal vector n is obtained by parallel transporting
n(0), which is then to be identified with the time di-
rection everywhere in the tangent spacetime; likewise, β¯
is parallel transported by definition and it will have to
correspond to the vector β¯ = (1/T,0) in the tangent
spacetime. Indeed, the replacement of a curved with a
flat spacetime makes it possible to recover all known fea-
tures of quantum field theory. The operators can be in-
terpreted as operators in the usual Hilbert spaces and -
whenever applicable - their integrals mapped to the tan-
gent hyperplane as generators of the Poincare´ group of
the tangent spacetime. So∫
Σ
d3y nµT̂
µν(y)β¯ν(y)→ β¯ν(0)P̂ ν = βν(0)P̂ ν∫
Σ
d3y nµ
(
yαT̂ µβ − yβ T̂ µα
)
e(λ)α e
(ν)
β → Ĵλν0 (16)
where P̂ are four-momentum operators and Ĵ0 are the an-
gular momentum operators generators of Lorentz trans-
formations centered in x = 0. Note that in the second in-
tegral in (16), in order to be consistent with the definition
3of the mapping to the flat tangent space, we insert the
parallel transported geodesic tangent unit vectors e(λ) in
x = 0. However, their Taylor expansion does not imply
corrections to the corresponding integral in eq. (14) up
to third order in x, with coefficients of the form ̟R, R
being the Riemann tensor. A similar argument applies
to the integral multiplying the tensor B in eq. (14), as
well as to the charged current integral, keeping in mind
that ζ is constant at equilibrium.
To summarize, the mean value (4) in a curved space-
time at thermodynamic equilibrium can be approximated
by an expression which is fully meaningful in the familiar
Minkowskian quantum field theory
〈Ô(x)〉 = 1
Z
tr
(
exp
[
ζQ̂− βν(x)P̂ ν + 1
2
̟λν(x)Ĵ
λν
x
− 1
2
√
β2
Bλσν (x)Θ̂
λσν
x + . . .
]
Ô(x)
)
ren
(17)
where Θ̂x are the operators
Θ̂σλνx ≡
∫
d3y (y − x)λ(y − x)σ T̂ 0ν(y) (18)
Note that the expression of Θ̂λσνx on the right hand side
of eq. (18) is neither a local nor a global tensor because
it results from the integration of a non conserved tensor
current. Indeed, it depends on the chosen coordinates
(the RNC) and, unlike P̂ and Ĵ , on the chosen space-
like hyperplane TΣ. Since the integrand was Taylor ex-
panded over the hypersurface itself, the indices of the
coordinates y in (18) do not include λ = 0 or σ = 0, and
so Θ̂ is orthogonal to β(x) in both the indices λ and σ.
The thermal vorticity ̟ and the tensor B are adimen-
sional in natural units and are usually very small, so, for
most practical purposes all terms in the exponent beyond
the leading Â = −β · P̂ + ζQ̂ in eq. (17), denoted collec-
tively by Ĉ, can be considered as small perturbations and
an expansion can be done by using Kubo identity
eÂ+Ĉ ≃ eÂ +
∫ 1
0
dz ezÂ Ĉ e−zÂ eÂ (19)
Thereby, expanding both the exponential operator and
its trace Z in eq. (17), 〈Ô(x)〉 turns out to be the sum of
the familiar mean value at homogeneous thermodynam-
ical equilibrium with a constant β = β(x)
〈Ô(x)〉β(x) =
tr
(
exp
[
−βν(x)P̂ ν
]
Ô(x)
)
tr
(
exp
[
−βν(x)P̂ ν
])
and higher order terms involving correlations between
Ô(x) and the operators Ĵ and Θ̂, also calculated at the
homogeneous thermodynamical equilibrium.
A physically relevant case is the calculation of the
mean value of the stress-energy tensor, i.e. when Ô =
T̂αγ . In this case, the leading term is the well known
ideal form of the stress-energy tensor
〈T̂αγ(x)〉β(x) = ρuαuγ − p∆αγ (20)
where u = β/
√
β2, ∆αγ = gαγ − uαuγ is the projector
orthogonal to u, ρ and p are the familiar homogeneous
equilibrium energy density and pressure which are a func-
tion of T, µ, or, tantamount, β2, ζ [5].
The corrections to theq eq. (20) involve the correlators
between Ĵ and T̂ and Θ̂ and T̂ . The former were ex-
tensively discussed and calculated in ref. [6] where it was
shown that leading corrections are quadratic in ̟ and
that they are quantum mechanical for a free field, namely
they vanish in the limit h¯ → 0. They are generally tiny,
but tend to become important at very low temperature
or very large acceleration. In a general curved spacetime
these corrections are also relevant because, looking at the
eq. (10), β can have a non-vanishing exterior derivative.
This is the case, for instance, for a static spherically sym-
metric gravitational field, where
βµ =
1
T0
(1, 0, 0, 0)
being T0 a constant global temperature, so that
T = 1/
√
β2 =
T0√
g00
which is the Tolman’s law, and
̟rt = −1
2
∂rβt = − 1
2T0
∂g00
∂r
that is, if ̟ has a longitudinal - along β - component
which is proportional to gravitational acceleration and
couples to boosts [6].
Let us now turn our attention to the term involving
the operator Θ̂ in eq. (17). This gives rise to a first-order
correction of the mean value of the stress-energy tensor,
which is linear in the Riemann and Ricci tensors
δ〈T̂αγ(x)〉 ≃ −T
2
Bλσν (x)
∫ 1
0
dz 〈T̂αγ(x+izβ); Θ̂λσνx 〉β(x)
(21)
where 〈Â; B̂〉 = 12 〈{Â, B̂}〉 − 〈Â〉〈B̂〉 1. In order to ex-
pand the correlator in eq. (21), the tensors T̂ and Θ̂
must be decomposed into irreducible components with
respect to the rotation group of the hyperplane normal
to β(x). Only the components belonging to the same
irreducible representation can contract to give rise to a
1 The anticommutator stems from putting T̂ to the right and to
the left of the operators on both sides of the eq. (19), then taking
the trace and averaging. With this procedure, the correlator in
eq. (21) is manifestly real
4non-vanishing scalar. The decomposition is well known
for the stress-energy tensor operator
T̂αγ(x) = ρ̂uαuγ + π̂∆αγ + q̂κ(∆
ακuγ +∆αγuκ) + Π̂αγ
(22)
where q̂ is orthogonal to u (spin 1 component) and Π̂
is orthogonal to u in both indices and traceless (spin 2
component). The decomposition of the rank 3 tensor
requires a little more effort, but eventually it does not
look much more complicated in view of the transversality
of the first two indices with respect to the four-velocity
Θ̂λσνx = ∆
λσuν Ŝ + uνÛλσ − (2∆λσ∆νκ −∆λκ∆σν
−∆σκ∆λν)X̂κ +
(
uτE
τλνκŶ σκ + uτE
τσνκŶ λκ
)
+
(
∆λσŴ ν +∆λνŴ σ +∆σνŴλ
)
+ Ẑλσν (23)
where Ŝ is a scalar, X̂ , Ŵ are transverse to u (spin 1) and
Û , Ŷ are transverse to u in both indices, symmetric and
traceless (spin 2); Ẑ is a traceless fully symmetric tensor
(spin 3) which does not contribute to T µν. One can now
plug the decompositions (22) and (23) into the correlator
in eq. (21) and express it in terms of few scalar coefficients
depending only on the proper temperature and chemical
potential∫ 1
0
dz 〈T̂αγ(x+ izβ); Θ̂λσνx 〉β(x) = χρuαuγ∆λσuν
+χpi∆
αγ∆λσuν + χv[(2∆
λσ∆να −∆λα∆νσ −∆σα∆νλ)uγ
+(α↔ γ)] + χ′v[(∆λσ∆να +∆λν∆σα +∆σν∆λα)uγ
+(α↔ γ)] + χtPαγ λσuν + χ′t(uτEτλνκPαγ σκ + (λ↔ σ))
(24)
Pαγκι =
1
2
(∆ακ∆
γ
ι +∆
α
ι ∆
γ
κ)−
1
3
∆αγ∆κι (25)
where we have also written the the projector onto the
traceless spin 2 component.
Plugging eq. (24) into eq. (21) and using the eq. (15),
the leading correction of T µν proportional to curvature
is obtained
δ〈T̂αγ(x)〉 ≃ T
6
(Rρσβ
ρβσ +Rβ2)(χρu
αuγ + χpi∆
αγ)
−T
6
χt(2βρβσR
ρ<αγ>σ −R<αγ>β2)
+3Tχv∆
ρ(αRρσβ
σβγ) +
3
4
Tχ′tR˜
ρ(αγ)σβρβσ (26)
where R˜µνρσ = EµνλτR ρσλτ is the dual of the Riemann
tensor, the round brackets next to indices imply sym-
metrization and the angular brackets imply the applica-
tion of the projector (25). Note that the term propor-
tional to χ′v has vanishing contraction with B whereas
the term proportional to R˜ can be non-vanishing only in
a parity and time-reversal violating theory. The other co-
efficients χ’s can be calculated with the usual techniques
of thermal field theory by suitably choosing indices in
eq. (24) (summing convention does not apply)
χρ =
1
3
3∑
i=1
∫ 1
0
dz 〈T̂ 00(x+ izβ); Θ̂ii0〉β (27)
χpi =
1
9
3∑
i,j=1
∫ 1
0
dz 〈T̂ ii(x+ izβ); Θ̂jj0〉β (28)
χv =
1
6
3∑
j=1
∫ 1
0
dz 〈T̂ i0(x+ izβ); (Θ̂jji − Θ̂ijj)〉β (29)
χt =
∫ 1
0
dz 〈T̂ ij(x+ izβ); Θ̂ij0〉β i 6= j (30)
with β = (1/T, 0). We note that the corrections in
eq. (26) are certainly of quantum origin for free fields,
that is they vanish in the limit h¯ → 0. The reason is
that in physical units all curvature related terms Rββ,
adimensional in natural units, must be proportional to
h¯2; it is impossible, by having only m and T as scales, to
generate classical terms with the dimension of an energy
density.
That the mean stress-energy tensor had terms - not
related to anomalies - linearly proportional to curvature
tensors was envisaged in ref. [13] and the relevant coeffi-
cients and the relations between them have been studied
by several authors over the past few years [7, 8, 14–17].
By comparing with the classification in ref. [13] we have
the identification −χt/6T = κ and the additional rela-
tions κ∗ = 0 as well as χpi/6T = ξ5 = ξ6. It is still not
clear whether the last two additional relations - not pre-
dicted in other studies - only apply at global equilibrium
or if deviations thereof may arise in a full calculation
without flat spacetime approximation in the calculation
of correlation integrals. A very important - physical -
difference is that in our calculation the frame is defined
by the four-temperature Killing vector, which, as it seen
in eq. (26) implies non-vanishing corrections to proper
energy density and heat flux.
In summary, we have presented a method to calculate
the mean value of the quantum stress-energy tensor at
global thermodynamical equilibrium in a curved space-
time in the limit of small curvature, by Taylor expand-
ing the timelike four-temperature Killing vector β in the
density operator. We have shown that the leading cor-
rections are proportional to the squared of the exterior
derivative of β and to the Riemann tensor. This ap-
proach clarifies the origin of these terms introduced in
previous classifications [14] and provides, in a straight-
forward fashion, ”Kubo formulae” to calculate relevant
coefficients. It would be very interesting to to study the
phenomenological relevance of these terms in relativistic
astrophysics and to interpret them in the framework of
extended theory of gravity [18].
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